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Abstract 

The formalism to determine (conformal) isometries of a given curved superspace 
was elaborated almost two decades ago in the context of the old minimal formula- 
tion for J\f = 1 supergravity in four dimensions (4D). This formalism is universal, 
for it may readily be generalized to supersymmetric backgrounds associated with 
any supergravity theory formulated in superspace. In particular, it has already been 
used to construct rigid supersymmetric field theories in 5D J\f = 1, 4D N = 2 and 
3D (p, q) anti-de Sitter superspaces. In the last two years, there have appeared a 
number of publications devoted to the construction of supersymmetric backgrounds 
in off-shell 4D N = 1 supergravity theories using component field considerations. 
Here we demonstrate how to read off the key results of these recent publications 
from the more general superspace approach developed in the 1990s. We also present 
a universal superspace setting to construct supersymmetric backgrounds, which is 
applicable to any of the known off-shell formulations for J\f = 1 supergravity. This 
approach is based on the realizations of the new minimal and non-minimal super- 
gravity theories as super- Weyl invariant couplings of the old minimal supergravity 
to certain conformal compensators. 



1 Introduction 



With the motivation to elaborate supersymmetric quantum field theory in curved 
space, almost two decades ago a formalism was developed pQ to determine (conformal) 
isometries of a given curved superspace originating within the old minimal formulation 



ism, it was used in [T] to compute (i) the conformal Killing supervector fields of any 
conformally flat A" = 1 superspace; and (ii) the Killing supervector fields of M = 1 AdS 
superspace. The approach presented in pQ is universal, for in principle it may be general- 
ized to supersymmetric backgrounds associated with any supergravity theory formulated 
in superspace. In particular, it has already been used to construct rigid supersymmetric 
field theories in 5D A/" = 1 [5], 4D A/" = 2 [TUJ E] and 3D (p, q) anti-de Sitter [El El E] 
superspaces. 

Recently, numerous publications have appeared devoted to the construction of su- 
persymmetric backgrounds associated with the old minimal and the new minimal super- 
gravities using component field considerations [151 El El HH1 El I2Q1 IZH [221 123] . These 
backgrounds are simply curved (pseudo) Riemannian spaces that allow unbroken rigid su- 
persymmetries. The techniques used in these publications make no use of the superspace 
formalism of [lj. However, since the rigid supersymmetry transformations are special 
isometry transformations of a given curved superspace, there should exist a simple pro- 
cedure to derive the key component results of[Ti3ElElElEl[lIlEIl[221l23] from the 
more general superspace construction of [TJ , for the latter allows one to determine all the 
isometries. One of the goals of the present note is to work out such a procedure. Our 
second, more important goal is to present a universal superspace setting, which can be 
used for any of the known off-shell formulations for M = 1 supergravity, to determine the 
isometries of curved backgrounds. This novel approach can immediately be generalized 
to all known off-shell supergravities in diverse dimensions, including the important cases 
of 3D A^ < 4, 4D M = 2 and 5D M = 1 supergravity theories. 

It should be mentioned that a considerable amount of the results in [151 El El El El 
l21j [221 123] are devoted to supersymmetric backgrounds with Euclidean signature. Our 
analysis is restricted to curved space-times allowing unbroken supersymmetry. 

1 Historically, this supergravity formulation was first constructed by Wess and Zumino in superspace 
[2] (see also [3]), and soon after it was independently developed using the component tensor calculus [4]. 
The superspace !2 and the component [3] approaches to old minimal supergravity are equivalent, for the 
latter can readily be deduced from the former [SI [7] (see [5] for a review) . 



for M = 1 supergravity in four dimensions 
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This paper is organized as follows. In section 2 we briefly review the superspace geom- 
etry of old minimal supergravity following the notation and conventions adopted in pp. 
Section 3 contains a summary of the main properties of the (conformal) Killing supervec- 
tor fields of a curved superspace derived in [TJ. In section 4 we study those supergravity 
backgrounds without covariant fermionic fields which allow some unbroken (conformal) 
supersymmetries. Section 5 describes a universal superspace setting to construct super- 
symmetric backgrounds, which is applicable to any of the known off-shell formulations for 
M = 1 supergravity. Concluding comments are given in section 6. 

2 The Wess-Zumino superspace geometry 

In describing the Wess-Zumino superspace geometry (see [H] for a review), we follow 
the notation and conventions of [Tj |^] In particular, the coordinates of J\f = 1 curved 
superspace M. are denoted z M = (x m , 0^). The superspace geometry is described by 
covariant derivatives of the form 

V A = (V a ,V a ,V & )=E A + Q A . (2.1) 

Here E A denotes the inverse vielbein, E A = E a m 8m, and Q A the Lorentz connection, 

n A = 1 n A bc M bc = n/m^ + , (2.2) 

with Mfe c {Mp 7 , Mp-) the Lorentz generators. The covariant derivatives obey the 
following anti-commutation relations: 

{T> a ,V & } = -2i£U , 

{V a , Vp} = —ARM a p , {D & , Vp} = ARM.p , (2.3a) 
[V^Vpp] = -ie h p[RVp + GpW^ - (WGp^M^ + 2W/ 5 M 7<5 ) - i(DpR)M & p , (2.3b) 

[V a , Vpp] = ie a p (RVp + G\V 1 - (VG 5 p)M lS + 2Wf*M^ + i(VpR)M a p , (2.3c) 
[V adx , Vpp] = e^ptpap + e a pi\) h p , (2.3d) 

2 These conventions are nearly identical to those of Wess and Bagger [5]. To convert the notation of 
[I] to that of [5], one replaces R — > 2R, G a a — > 2G a a, and W ct/ 3 7 — > 2W a p 1 . In addition, the vector 
derivative is defined by {V a ,t>a} = —2iD a ^, Finally, the spinor Lorentz generators {(J a b)a^ and (a a b) a a 
used in pQ have an extra minus sign as compared with [8], specifically a a b — — j(&ad'b — oWa) and 

°ab = - liVaVb - <5- 6 <T a ). 
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where 

:= -iG { JV m + l -(V {a R)V p) + l(V {a Gtf)t>^ + WcJV^ 

+\{{V 2 - 8R)R)M a p + {V {a Wtf s )M lS - ^(VfcWGpfyMtf , (2.3e) 

+ _ 8R)R)M a p - (V {a W^)M^ + l -(V {a V~<G 5 h )M lS . (2.3f) 

The torsion tensors R, G a = G a and W a ^ = W( a p 7 ) satisfy the Bianchi identities 

V^R = , VaWafr = , (2.4a) 
TPG^ = V a R , (2.4b) 
Vm aM = iV {o ?G m . (2.4c) 

A supergravity gauge transformation is defined to act on the covariant derivatives and 
any tensor superfield U (with its indices suppressed) by the rule 

5 K V A = [K, V A ] , 5 K U = KU . (2.5a) 

Here the gauge parameter /C has the explicit form 

K = i B V B + K^M^ + K^M-i = K (2.5b) 

and describes a general coordinate transformation generated by the supervector field £ s 
as well as a local Lorentz transformation generated by the symmetric spinor K 1& + ^ b VLb i6 
and its conjugate. 



The algebra of covariant derivatives (2.3) is invariant under super- Weyl transforma- 
tions [21] 

6 a V a = (-a - a)V a - {V p a) M af3 , (2.6a) 

5 A = {\v - o)V h - {f)h)M^ , (2.6b) 

5aV a u = --(a + a)V a& - ^(Pq.o-)X> q - \^{V a o)V h 

-{V^a)M a p - (vJa)M- $ , (2.6c) 

with the scalar parameter a being covariantly chiral, 

V«o = , (2.7) 



provided the torsion tensors transform^] as follows: 

5 a R = -2aR - ^(V 2 - AR)a , (2.8a) 

SaG adl = ~ (<7 + a)G adL + iD a6l {o - a) , (2.8b) 
3 

SaW a fr = --aW a fr . (2.8c) 

Let D A — (D a ,D a ,D a ) be another set of superspace covariant derivatives which de- 
scribe a curved supergravity background. The two superspace geometries, which are as- 
sociated with T>a and Da, are said to be conformally related if their covariant derivatives 
are related by a finite super- Weyl transformation 

D a = e3 w -° (V a - (V^)M a ^j , (2.9a) 

D & = (f> & - , (2.9b) 

S m = , (2.9c) 
where w is a covariantly chiral scalar, V^uj = 0. 



3 (Conformal) Killing supervector fields 

Let us fix a curved background superspace Ml. In accordance with pQ, a supervector 
field £ = Eb on .M is called conformal Killing if there exists a symmetric spinor K^ 6 
and a covariantly chiral scalar a such that 

(8 K + 8 <r )V A = 0. (3.1) 

In other words, the coordinate transformation generated by £ can be accompanied by 
certain Lorentz and super- Weyl transformations such that the superspace geometry does 
not change. 

As demonstrated in pQ, all information about the conformal Killing supervector field 
3 The super- Weyl transformation of G a & given in |Tj, eq. (5.5.14), contains a typo. 
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is encoded in the special case of eq. (3.1) with A = a. Making use of the variation 

-{V a K^ + iUW^)M h , (3.2) 



in conjunction with the super- Weyl transformation (2.6 ), we obtain a number of conditions 
on the parameters which can be split in two groups. The first group consists of the 
following equations 

8j^ = \v a ^ r = ^U a, \ (3.3a) 

K a /3 = T^(aCl3) ~ ~j£^ G P)P ' (3.3b) 

o = \{V a i a + 2V A C ~ ^ a G a ) , (3.3c) 



and their conjugates. Eq. (3.3c) has to be taken in conjunction with the chirality condi- 
tion, eq. (2.7), obeyed by the super- Weyl parameter. The meaning of the relations (3.3) is 
that the parameters £ a , K a/3 and a are completely determined in terms of the real vector 
£ a and its covariant derivatives. This is why we mays also use the notation K, = /C[£], and 
similarly for the Lorentz and super- Weyl parameters, e.g. a = &[£]. 

The second group comprises the following equations and their conjugates: 

£>a6d = -^aaR , (3.4a) 

V & K^ = \i a6l W aM , (3.4b) 
V a K^ = -5 a {p V^a - 45 a ^C ] R + ^Sj^^jR + ^acP^G^ . (3.4c) 

These relations allow us to express multiple covariant spinor derivatives of the parameters 
in terms of the parameters^] 

Since the real vector £ a is the only independent parameter, there should exist a closed- 
form equation obeyed by £ a . It has the form 

V {Q ^ = . (3.5) 

4 In the non-conformal case, which corresponds to <r = 0, the first spinor covariant derivatives of the 
parameters £ B , K^ 1 and are linear combinations of these parameters. 
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Simple corollaries of this equation^ include the linearity condition 

(X? 2 + 2R)i a = , (3.6) 
and the conformal Killing equation 

V a £ b + V b Z a = -r) ab V%. (3.7) 
As shown in PQ, all information about the conformal Killing supervector field is encoded 



in the master equation (3.5). Specifically, if this equation holds and the definitions (3.3) 



are adopted, then the consistency conditions (3.4) are identically satisfied, and the super- 
Weyl parameter <r[£] is covariantly chiral. As a result, an alternative definition of the 
conformal Killing supervector field can be given. It is a real supervector field 

£ = i A E A , i A = (V, -±VpF*, -^fcd) (3.8) 



which obeys the master equation (3.5). 



If £i and £2 are two conformal Killing supervector fields, their Lie bracket [£1,^2] is a 
conformal Killing supervector field f.[] . It is obvious that, for any real c-numbers 7*1 and 
r2, the linear combination ri£i + ^2^2 is a conformal Killing supervector field. Thus the set 
of all conformal Killing supervector fields is a super Lie algebra. The conformal Killing 
supervector fields generate symmetries of a super- Weyl invariant field theory on M.. 

We need to recall one more result from pQ. Suppose we have another curved superspace 
9Jt that is conformally related to M.. This means that the covariant derivatives T>a and 
Da, which correspond to M. and 9Jt respectively, are related to each other according to 



the rule (2.9). It turns out that the two superspaces Ai and 9Jt have the same conformal 
Killing supervector fields. Given such a supervector field £, it can be represented in two 
different forms 

£ = i A E A = £ A £ A , (3.9) 

where <£a is the inverse vielbein associated with the covariant derivatives Da- Then the 
super- Weyl parameter cr[£] and a[£\ are related to each other as follows 

The derivation of this result is given in [TJ. 



The equation (3.51 is analogous to the conformal Killing equation, V( a Vp) = 0, on a (pseudo) 



Riemannian four-dimensional manifold. 
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A Killing supervector field £ on Ai is a conformal Killing supervector field with the 
additional property cr[£] = 0, or equivalently 



b K V A = \K,V A \ =0 . 



(3.11) 



The condition that the super- Weyl parameter (3.3c) be equal to zero is 

V a i a = -iG a £ a . 



(3.12) 



If £i and £ 2 ar e Killing supervector fields, their Lie bracket [£i, £2] is a Killing supervector 
field. Thus the set of all Killing supervector fields forms a super Lie algebra. The Killing 
supervector fields generate the isometries of Ai, and symmetries of a field theory on Ai. 

To study supersymmetry transformations at the component level, it is useful to spell 
out one of the implications of eq. (2.6) with A = a. Specifically, we consider the equation 
(5fc + S a )V a a = and read off its part proportional to a linear combination of the spinor 
covariant derivatives T>p. The results is 



— T>aa£/3 — -£ a /3T>a(T + i£ a G/3a — lEafi^R 

1 1 1 . — 

^Pa'DaR — -£ &W aj a 7 + -£ Q 7 I'(iG j g 7 



(3.13) 



In the case of isometry transformations on Ai, we have to set cr = 0. Eq. (3.13) will play 
a fundamental role in our subsequent analysis. 



4 Supersymmetric backgrounds 

We wish to look for those curved backgrounds which admit some unbroken (confor- 
mal) supersymmetries. By definition, such a superspace possesses a (conformal) Killing 
supervector field £ A with the property 

£ a | = , e a := f|^0, (4.1) 

where U\ denotes the 9,9 independent part of a tensor superfield U(z) = U{x rn ,9 tl ,9f l ), 

U\ := U\ e ^- e . =0 . (4.2) 

We will refer to the field U\ as the bar-projection of U. Our analysis will be restricted to 
supergravity backgrounds without covariant fermionic fields, that is 

V Q R\=0, V a G^\=0, W a ^\=0. (4.3) 



7 



This means that the gravitino can completely be gauged away such that the bar-projection 
of the vector covariant derivative^ is 

V a := V a \ = V a + l -e abcd b b M cd , V a = e a m d m + \u a cd M cd , (4.4) 
o 2 

where V a denotes the ordinary torsion-free covariant derivative, 

[V a ,V b ] = ^TZ ab cd M cd , (4.5) 

and the vector field b a is one of the auxiliary fields M, M and b a , which correspond to 
the old minimal supergravity and are defined ag^] 

R\ = ~\m , G a | = -h a . (4.6) 

4.1 Conformal supersymmetry 

Let us first determine the conditions for unbroken conformal supersymmetry. For this, 



we consider the 9,9 independent part of the equation (3.13). With the definition 



V a a\ = -^( a , (4.7) 

the result is 

2V a e^ - '-{{oaQp + (a a e) p M - 2{a ac e)pb c + 2b a e^ = . (4.8) 

This equation allows one to express the conformal spinor parameter in terms of e a and 
its conjugate. 



Eq. (4.8) can be rewritten in a different and more illuminating form if we introduce 



the first-order operator 



:= (V a - l -b a )tp (4.9) 



which can be viewed as a U(l) gauge covariant derivative. Then one may see that (4.8) 
is equivalent to 

22^ - \{{o a Qp + {v a e) P M + (a a a c e)pb c } = . (4.10) 

6 The bar-projection of a covariant derivative, T>a\> i s denned by the rule (2?a|L/)| := (T>aU)\, for any 
tensor superfield U. The bar-projection of a product of several covariant derivatives, T>a 1 • • 'T^A n \) is 
defined similarly 

7 To simplify comparison with the results of [15 , here we make use of the same definition of the 
auxiliary fields following [8 . These are related to the supergravity auxiliary fields B and A a used pQ by 
the rule: M = — B and b„ = -2A„. 
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Expressing here (a in terms of e a and its conjugate leads to the equation 

+ -Ka c S) c e)^ = , (4.11) 

which is equivalent to 

2)^ + 2)^ = 0. (4.12) 
We conclude that is a charged conformal Killing spinor. Given a non-zero solution 



e a (x) of (4.12), as well as a non-zero complex number z E C, it is obvious that ze Q (x) is 
also a solution of the same equation. We conclude that the minimal amount of conformal 
supersymmetry is two supercharges, which agrees with the conclusions in [20] . 



If ep is a commuting conformal Killing spinor obeying the equation (4.12), the null 
vector Vpp := e^e^ is a conformal Killing vector field, 

V (a ( " V> = . (4.13) 

Thus we have re-derived one of the key results of [20jj^] 

4.2 Rigid supersymmetry 



In the non-conformal case, setting ( a = in (4.8) gives the equation for unbroken 
rigid supersymmetry 

2V ae/3 - l -{{a a e) p M - 2{a ac e)pb c + 2b a e^ = . (4.14) 

This equation coincides with that given in jl5] keeping in mind the fact that the matrices 
(Jab used in [15] differ in sign from ours. 



4.3 Curved spacetimes admitting four supercharges 

We now turn to deriving those conditions on the background geometry which guar- 



antee that the spacetime under consideration possesses nontrivial solutions of eq. (4.14) 



giving rise to exactly four supercharges. The main idea of our analysis below is that the 



conditions (4.3) must be supersymmetric. 



8 It was demonstrated in [20] that M. possesses a conformal Killing spinor if and only if it has a null 
conformal Killing vector. 
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To start with, consider the identity 



= b K V a R = i u V D V a + K^V^R 
= i c V c V a R - \i a V 2 R + 2iCV Q ,R + KJV^R . 



(4.15) 



The bar-projection of this relation is 



e a V 2 R\ - 4ie i 'V a ^ J R| = . 



(4.16) 



This is equivalent to 



V 2 R\ = 
V a M = 



(4.17a) 
(4.17b) 



The complete expression for T> 2 R\ in terms of the supergravity fields can be found in, e.g., 



[T] and [S]. We will not need this expression, for the condition (4.17a) proves to follow 



from a more general result to be derived shortly. Eq. (4.17b) means that M is a constant 
parameter. 

The next condition to analyze is 

= 5 K V a G p$ = i D V D V a + K a s V s G pli + Kp S V a G s$ + K^V a G B - 5 . (4.18) 
This leads to 



e 5 V 5 V a G p p\-fvp a G^\=Q 



(4.19) 



and hence 



U$D a Gpp\ — VjVaGppl — , 

T>^D a Gga\ = T>sT>aGaa\ = . 



(4.20a) 
(4.20b) 



These conditions^ imply, in particular, that R\G BB \ = and D a ~G gg \ = 0, or equivalently 



AS I 



Mb c = , 

Vabr. = . 



(4.21a) 
(4.21b) 



We conclude that the vector field b a is covariantly constant. Eq. (4.21a) holds if M = 



or b a = 0. 



The complete expression for V^V^G 8 ^ m| is given in [Jj. We do not need it for our analysis. 
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The last condition to analyze is 

= 8 K W aM = i D V D W aM + 3K\ a W 0l)s . 



It leads to e s VsW aj 3^\ = 0, and hence 



V s W a 



. 



In virtue of the Bianchi identity (2.4c), the condition V^W, 



a/97 1 



(4.22) 
(4.23) 

automatically holds 



if (4.21b) is satisfied. The nontrivial part of (4.23) is 

V (s W afh) \ = 0. (4.24) 
The complete expression for V^Wa^l is given in pQ. Since the gravitino is absent, eq. 



(4.24) tells us that the Weyl tensor is equal to zero, 



(4.25) 



As a result, the space-time is conformally flat. 

The above results can be used to read off the Riemann tensor. For this we compute 



the bar-projection [£> a ,Z>&]| in two different ways. First of all, we can make use of (4.4) 
to obtain 



[V a , V h \ I = [V a ,V 6 ] . 



(4.26) 



The right-hand side has to be expressed in terms of the torsion-free covariant derivatives 
V . Direct calculations give 

[V«, V b ]V c = [V a , V b }V c - ^e abde b d V e V c 

+ g{& c (&o»7w - b bVad) - bd{b a Vbc ~ b b i] ac ) - b 2 {r] ac i] bd - r] ad r] bc ^V d . (4.27) 



On the other hand, we can evaluate [X> ,Z>j,]| by making use of eqs. (2.3d) - (2.3f). This 
gives 

[V a ,V b ]\V c = --£ abde b d V e V c - ^MM(r] ac r] bd - r] ad r] bc )V d 
= -^£ ab deb d V e V c - ^MM(r] ac r] bd - r] ad r] bc )V d 

+ ^{b c {b a r] bd - b b i] ad ) - b d (b a i] bc - b b r] ac ) - b 2 (r] ac r] bd - r] ad r] bc ^V d . (4.28) 
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We end up with the Riemann curvature 



Rabcd = g{b c (b a T) bd - b b r] ad ) - b d (b a r] bc - b b r/ ac ) - b 2 (r] ac 7] bd - r] ad r) bc )} 



The Ricci tensor is 



MM(r] ac r] bd - r] ad rj bc ) . 



Rab = l(b a b b - b 2 Vab ) - l -MMr) ab . 

y 6 



(4.29) 



(4.30) 



The conditions (4.17b), (4.21a), (4.21b) and (4.25) coincide with those given in [15] 



without derivation. Our expression for the Ricci tensor (4.30 ) differs form that given in (15 



by an overall sign. This difference is due to the different definitions of the Riemann tensor 
used in [T5] and in the present paper. The superspace techniques make the derivation of 



the conditions (4.17b), (4.21a), (4.21b), (4.25) and (4.30) almost trivial. 



Since Ai is conformally flat, the corresponding algebra of conformal Killing supervector 
fields coincides with that of Minkowski superspace, su(2, 2|1). 



5 Variant off-shell formulations for supergravity 

As is well known, there exist three off-shell formulations for M = 1 supergravity in 
four dimensions: (i) the old minimal formulation (n = —1/3) developed first by Wess and 
Zumino using superspace techniques (2] and soon after in the component field approach 



[4j: 10 (ii) the new minimal formulation (n = 0) developed by Sohnius and West |27jp] 
(iii) the non-minimal formulation (n ^ —1/3,0) pioneered by Breitenlohner [29], who 
used superspace techniques, and further developed to its modern form by Siegel and 
Gates [501 ED]- Breitenlohner's formulation [2S] is the oldest off-shell supergravity theory 
in four dimensions. 

Each off-shell formulation for M = 1 supergravity can be realized as a super- Weyl 
invariant coupling of the old minimal supergravity (n = —1/3) to a scalar compensator 
^ and its conjugate ^ (if the compensator is complex) [U E2J E3, El] with a super- Weyl 
transformation of the form 

5 CT ^ = -(pa + qa)^ , (5.1) 



10 The linearized version of old minimal supergravity was constructed in [25j 126] . 

11 The linearized version of new minimal ^28] supergravity appeared much earlier than |27j . 
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where p and q are fixed parameters which are determined by the off-shell structure of 
The compensator is assumed to be nowhere vanishing. 

In this super- Weyl invariant setting, the supergravity prepotentials include the com- 
pensator \1/ and its conjugate. If we are interested in a fixed curved background, the 
supergravity gauge freedom and the super- Weyl invariance should be fixed in a conve- 
nient way to eliminate superfluous degrees of freedom. In particular, the super- Weyl 
invariance can be used to eliminate some of the component fields of ^ and its conjugate. 
The isometries of the resulting curved superspace are generated by those conformal Killing 



supervector fields £ = £ Eb, eq. (3.1), which leave the compensator invariant, that is 



i B V B ^< - (per + qa)^ = (pa + qa) = £ B V B In ¥ . (5.2) 

5.1 Old minimal supergravity 

The compensators in old minimal supergravity are a covariantly chiral scalar <3>, P^f = 
0, and its conjugate $. The super- Weyl transformation of $ can conveniently be chosen 
to be 

5 a <5> = -<r$ , (5.3) 

and thus p — 1 and q = 0. 

The super- Weyl gauge freedom can be used to impose the gauge condition 

$ = 1 . (5.4) 



In this gauge the equation (5.2) becomes 

a = 0, (5.5) 



and therefore the isometries are described by the Killing spinor equation (3.11). 



5.2 New minimal supergravity 

In new minimal supergravity, the compensator £ is a real covariantly linear scalar, 

(V 2 - 4R)£ = , £ = £ . (5.6) 
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Such a superfield describes the Af = 1 tensor multiplet |35j . 12 Its super- Weyl transforma- 
tion is uniquely determined (see [1] for more details) 



5a£ = -(° 



(J 



(5.7) 



and thus p = q = 1. 

In new minimal supergravity, the super- Weyl gauge freedom may conveniently be fixed 
by imposing the conditions 

(5.8a) 
(5.8b) 
(5.8c) 

This leaves unbroken a U(l)# gauge symmetry generated by i(a — a)\. The gauge field 
for this local symmetry is the auxiliary field b a , in accordance with eq. (2.8b). 



R\ 


= 0, 


£| 


= 1 , 




= . 



In the gauge (5.8), there still remains a single component field contained in £ that can 



be defined as (see, e.g., [37]): 

— 2-f/aQ, := ([D a ,Va] — 2G a a)£\ 



[v a ,vM + -b a * 



(5.9) 



Here H a = he abcd Hf, c< i is the Hodge-dual of the field strength of a gauge two-form. Eq. 



(5.8a) means that M = 0. This auxiliary field is not present in new minimal supergravity. 



The Killing equation (5.2) corresponding to new minimal supergravity has the form 

£ B V B \n£ . 



la + a) 



(5.10) 



We are in a position to derive an equation for unbroken rigid supersymmetries. All 
definitions and conditions given at the beginning of section [4] remain intact modulo the 
fact that M = in the case under consideration. From the Killing equation (5.10) we 
deduce that 

3 



~V a a\ = -^[V a ,t> $ }£\ 



and hence 



(5.11a) 



(5.11b) 



12 The compensator for new minimal supergravity is often called the improved tensor multiplet 36J, be- 
cause the corresponding action must be super- Weyl invariant, which corresponds to a uniquely determined 
self-coupling for £, with the superfield Lagrangian being proportional to £ln£. 
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Plugging this into (4.10) and setting M = gives 

i 



a a a c e),3H c = . 



(5.12) 



This equation is invariant under the unbroken U{1)r gauge group for which b a is the gauge 
field and D a the gauge covariant derivative. 



Eq. (5.12) coincides with the Killing spinor equation in new minimal supergravity 
[T5| fT9| 120] . All results of these papers, which concern supersymmetric backgrounds in 
new minimal supergravity, follow from this equation. The conditions on the background 
fields implied by (5.12) may be uncovered by studying the corresponding integrability 
conditions, see e.g. |2T]. Alternatively, one may use the superspace formalism and analyze 
implications of the relations 







i D V D R - 2aR - -(V 2 - 4R)a 



= i D V D G a6l + K a d G S a + K & d G Q g - -(a + cr)G a a + iV adl {o - a) 



= i D V D W aPl + ZK\ a Wfr)6 ~ \oW aM 



(5.13a) 
(5.13b) 
(5.13c) 



in conjunction with the following corollary of (5.10): 
= t D V D $) a « + K a 5 Sj 56l + RjSjaS 



where we have denoted 



fie 



2G r 



(5.14) 



(5.15) 



We will not pursue such an analysis here. 



5.3 Non-minimal supergravity 

The compensators in non-minimal supergravity are a complex covariantly linear scalar 
S constrained by 

(P 2 - 4i?)£ = , (5.16) 

and its complex conjugate. The super- Weyl transformation of £ is not determined 
uniquely by the constraint, 

\on + 1 / 
15 



where n is a real parameter such that n ^ —1/3, 0. Thus the Killing equation correspond- 
ing to non-minimal supergravity is 

3n - 1 



a 



a = i B V B In E . 



3n 



(5.1* 



As has recently been shown [3B], the only way to construct non-minimal supergravity 
with a cosmological term 13 is to fix n = — 1 and consider a compensator T obeying the 



deformed linearity constraint 



- ^(£> 2 -4R)r 



\x = const 



The super- Weyl transformation of T is 



5 a T = (2a - d)T . 



(5.19) 



(5.20) 



It is obtained from (5.17) by replacing E — » T and setting n — — 1. One may check that the 



left-hand side of (5.19) is super- Weyl invariant. The Killing equation for this supergravity 
formulation is obtained from (5.18) by choosing n = —1 and replacing E — > T. Anti-de 



Sitter superspace is a maximally symmetric solution of this theory [38J. 



6 Conclusion and outlook 

In this paper we have re-derived some of the key results of [151 EE I2H] from the more 
general superspace setting developed in [I]. The superspace approach of [T] is more general 
simply because it takes care of all the isometries of a given curved background, and not 
just the rigid supersymmetry transformations as in [T5l IT9l [20] . If one is interested in 
generating all possible supersymmetric backgrounds in 4D A/" = 1 off-shell supergravity, 
the results of [T31 Ull 113 HH1 HH [201 EH 1221 123] appear to be exhaustive. However, if the 
goal is to engineer off-shell rigid supersymmetric theories on a given curved spacetime, or 
to carry out supergraph calculations in such theories, the superspace symmetry formalism 
of [1] (and its extensions) is most powerful. In this respect, it is worth mentioning the 
explicit construction of the most general 4D M = 2 supersymmetric sigma models in 
anti-de Sitter space [TT] . 

Old minimal supergravity with the super- Weyl invariance can be thought of as M = 1 
conformal supergravity. From this point of view, the super- Weyl invariant approach to all 



13 



Non- minimal anti-de Sitter supergravity was argued in [40j not to exist. This is indeed so if one deals 



with the standard constraint (5.161 
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known off-shell M = 1 supergravity theories, which we sketched in section |5j is simply a 
version of the general principle that Poincare (super)gravity can be realized as conformal 
(super) gravity coupled to certain compensators [39J (see also [36] )• This principle is 
universal, for it also applies to extended supergravities in four dimensions and, more 
generally, to supergravity theories in diverse dimensions. Therefore, our approach to 
the symmetries of curved 4D M = 1 superspace backgrounds can readily be extended 
to supergravity theories in diverse dimensions. Suitable superspace formulations were 
constructed in [H] for 4D M = 2 supergravity, |42j for 5D M = 1 supergravity, [43J for 3D 
jV-extended supergravity, jBj for 6D = (1,0) supergravity. It is an interesting open 
problem to study supersymmetric backgrounds supported by these supergravity theories 
using the superspace techniques. 

Regarding the M = 1 case in four dimensions studied in the present paper, there 
exist alternative superspace formulations for conformal supergravity developed by Howe 
[4"5] (see [ID] for a review) and Butter jl6], which are characterized by larger structure 
groups than the Lorentz group SL(2,C) characteristic of the Wes-Zumino superspace 
geometry]^] It would be interesting to make use of these formulations to study super- 
symmetric backgrounds. In particular, since the structure group in Howe's formulation is 
SL(2, C) x U(1) R , this approach is most suitable to describe new minimal supergravity. 

While this paper was in the process of writing up, there appeared a preprint [4"Tj 
devoted to the construction of supersymmetric backgrounds associated with one of the 
off-shell formulations for 3D M = 2 supergravity developed in [121 H3] • The analysis in 
[4T] is purely component. A superspace construction may be developed along the lines 
described in the present paper. In fact, the supersymmetric backgrounds allowing four 
supercharges were constructed in [T2] much earlier than [17] using purely superspace tools. 
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